TRANSLATING SOLUTIONS TO LAGRANGIAN MEAN 
CURVATURE FLOW 



ANDRE NEVES 1 AND GANG TIAN 

Abstract. We prove some non-existence theorems for translating so- 
lutions to Lagrangian mean curvature flow. More precisely, we show 
that translating solutions with an L bound on the mean curvature are 
planes and that almost-calibrated translating solutions which are static 
are also planes. Recent work of D. Joyce, Y.-I. Lee, and M.-P. Tsui, 
shows that these conditions are optimal. 



1. Introduction 

It was shown in [5] that finite-time singularities are, in some sense, un- 
avoidable. More precisely, the first author gave examples of Lagrangians 
in C 2 having the Lagrangian angle as small as we want and for which the 
Lagrangian mean curvature flow develops a finite-time singularity. Thus, 
if one aims to use Lagrangian mean curvature flow in order to understand 
the existence problem for Special Lagrangians (i.e. Lagrangians which are 
minimal surfaces) it is crucial to understand how finite-time singularities 
form. The next example shows that this is a rather non-trivial problem. 

Example 1.1. Let 70 be the curve in C given in Figure 1. 

The curve can be made so that, under curve-shortening flow (7t)t>o, the 
small loop collapses at time T and 7t becomes a curve with a cusp point. 
Moreover, 70 can be chosen so that the angle that the tangent vector makes 
with the x-axis has an oscillation not much bigger than tt. Let Lt be the 
Lagrangian surface in C 2 given by 

L t :=7(XKcCxC. 

Then, Lq is a zero-Maslov class Lagrangian with oscillation of the Lagrangian 
angle as close to tt as we want and which develops a singularity at time T. 
The singular set is a line of cusp-points and hence has Hausdorff dimension 
one. 

This example shows that in order to develop a regularity theory for the 
flow, i.e., show that singularities for Lagrangian mean curvature flow are 
isolated, we need to require the oscillation of the Lagrangian angle to be 
strictly smaller than tt (almost- calibrated). 
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Figure 1. Curve 70 and jt- 



So far, the only known evidence that such regularity theory is possible was 
given in [5]. Their, assuming the initial condition is a rational and almost- 
calibrated Lagrangian, the first author showed that if one rescales the flow 
around a fixed point in space-time, connected components of this rescaled 
flow converge to an area-minimizing union of planes. The fact that the 
rescaled flow converges to a union of planes is an almost trivial consequence 
of Huisken's monotonicity formula and so the interesting part is that the 
configuration of planes needs to be area-minimizing. Without this property 
it would be hopeless to expect any regularity theory. 

Nonetheless, we should point out that the property mentioned above is 
not sufficient to develop a regularity theory. One needs to understand di- 
lations of the flow where the point at which we center the dilation changes 
with the scale (called Type II dilations) . From general theory, it follows that 
Type II dilations converge to an eternal solution with second fundamental 
form uniformly bounded. If singularities are indeed isolated the expectation 
is that this eternal solution has vanishing mean curvature. We now de- 
scribe heuristically what could happen regarding Example 1.1. If we rescale 
around the fixed point in space-time at which the singularity is developing, 
the rescaled flow converges to a plane with multiplicity two. On the other 
hand, if we rescale the flow around the point of highest second fundamental 
form at some time t\ close to T and choose the scale so that the second fun- 
damental form for the new solution becomes bounded by one, the rescaled 
flow converges to the eternal solution given by 

(1) Lt := {(- log cos y 1 +t,y 1 ,x 2 ,0)\ - vr/2 < Vl < vr/2, x 2 £ K}. 

This solution is called the grim-reaper and is an example of translating 
solutions to mean curvature flow. 
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Definition 1.2. A Lagrangian L is a translating solution to Lagrangian 
mean curvature now if we can find an ambient vector e\ so that 

L t := L + tei 

is a solution to mean curvature flow. 

Remark 1.3. Without loss of generality, we assume that ei = (1, 0, 0, 0). We 
can always achieve this by scaling L and then choosing a suitable coordinate 
system. 

In a surprising new result, Dominic Joyce, Yng-ing Lee, and Mao-Pei 
Tsui [4] found translating solutions to Lagrangian mean curvature flow with 
oscillation of the Lagrangian angle arbitrarily small. They are described as 
follows. Let to be a curve in C such that 

w t := V2tw for t > 

is a solution to curve shortening flow in C. This curve can be chosen in 
a way that the angle 6 that the tangent vector makes with the x-axis has 
arbitrarily small oscillation. Set 

(2 ) L := | ^ IH 2 (2/)-s 2 _ - %)) xw{y) ^j , | x,y G m| C C x C. 

Using the fact that the curvature of w satisfies 

k = w 1 " , 

it is a straightforward computation to check that L is Lagrangian and that 

L t = L + i(l, 0,0,0) 

is a solution to Lagrangian mean curvature flow. Moreover, the Lagrangian 
angle of L coincides with 9 and hence its oscillation can be made arbitrarily 
small. 

The main purpose of this paper is to give conditions that exclude the 
existence of nontrivial translating solutions to Lagrangian mean curvature 
flow. In order to do so, we need one more definition. 

Let (L t )- 00< t<oo be a eternal solution to Lagrangian mean curvature flow 
in C 2 which is almost-calibrated. Given a sequence (Xi)i^n converging to 
zero, we can consider the sequence of blow-downs 

L\ := AjL s ^ A 2 where — oo < s < oo. 

It follows from Theorem 3.1 that we can extract a subsequence L l s converging 
weakly to the same union of planes for every s < 0. 

Definition 1.4. A eternal solution to Lagrangian mean curvature flow is 
called static if we can find a convergent sequence of blow-downs L\ that 
converges weakly to the same union of planes for every s. 

In Theorem 3.1 we show that if Lq is exact (see next section for definition), 
then U s converges to a self-expander for s > and if the self-expander has 
zero mean curvature, then the eternal solution is static. 
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Theorem A. Let L be a translating solution for Lagrangian mean curvature 
flow in C 2 for which we can find a constant C\ such that 

The first Betti number of L is finite, 



If 



or if 



sup \e\ < Ci 

L 

H 2 {L n B R (0)) < CiR 2 for all R>0, 
sup\A\ 2 < d. 

L 



\H\ 2 dfi is finite 



L is static and inf cos 9 > E\ 

L 



for some e\ > 0, then L is a plane. 

The static condition is necessary for the following reason. Consider the 
translating solution {L t )-oo<t<oo described in (2) and denote by w the curve 
in C given by the union of w with — w. If (Aj)jgpj is a sequence converging to 
zero, the curves \f\iW converge to a union of two lines crossing at the origin 
which we denote by wq. A simple computation shows that the sequence of 
blow-downs L\ converges to the union of two planes given by 

R x w C C x C 

for every s < and to a self-expander given by 

V2s (R x w) = R x \/2sw C C x C 



for every s > 0. 
The condition 



inf cos 9 > Ei 



is necessary because otherwise the grim-reaper described in (1) would be a 
counterexample. 

The paper is organized as follows. In Section 2 we introduce some basic 
notation and derive some simple identities for translating solutions and in 
Section 3 we prove a compactness theorem for blow-down sequence of a 
eternal solution. 

In Section 4 we assume that, outside a compact set, L can be decomposed 
into -/V components L±, . . . , L^v, where each Lj is the graph of a multivalued 
function defined over a plane Pj minus a disc, and show that in this case L 
needs to be a plane (Theorem 4.3). The argument consists in using barriers 
to show that on each component Lj the Lagrangian angle converges to a 
constant sufficiently fast and this will imply that, by choosing R sufficiently 
large, Lj \ -Br(O) can be made as close to a plane as we want. In particular, 



lim (p (u, e\)da = 0, 

R -*°° Jd(LnB R (0)) 
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where v denotes the exterior unit normal to d{L n Br(0)) in L. The result 
will follow because Proposition 2.1 (ii) implies that 



and so L will have zero mean curvature. In that section we also prove a 
lemma (Lemma 4.6) that gives us conditions under which a translating so- 
lution to Lagrangian mean curvature flow admits a graphical decomposition. 

In Section 5 we show that if L has the L 2 -norm of \H\ bounded or if L 
is static and almost-calibrated, then L satisfies the conditions specified in 
Lemma 4.6 and hence admits a graphical decomposition. 

1.1. Open questions. We propose two questions whose answer could pro- 
vide some valuable insight on whether it is reasonable to expect any good 
behavior for singularities of Lagrangian mean curvature flow. 

The first question is whether the translating solutions found by D. Joyce, 
Y.-I. Lee, and M.-P. Tsui, can arise as a blow-up of a finite time singularity 
fort Lagrangian mean curvature flow. 

If one aims to develop a regularity theory for the flow, it is absolutely nec- 
essary to answer this question. This relation has been been observed before 
in codimension one mean curvature flow and Ricci flow. In the first case, 
Brian White used his work on mean convex solutions to mean curvature flow 
[9] to show that no grim-reaper appears as the limit of a sequence of rescaled 
flows [10, Corollary 4]. In the second case, one of the first breakthroughs of 
Perelman [6, Section 4] was to show that the cigar soliton does not arise as 
a finite-time singularity model. 

If one could show that, assuming the initial condition for the flow is an 
exact and almost-calibrated Lagrangian, no blow-down of a Type II rescale 
can give rise to a self expander, then the question above would be solved for 
a large class of initial conditions. 

The second question addresses the issue of uniqueness of translating solu- 
tions. Suppose that (L t ) tl =u and (L' t ) t ^M. are two translating solutions which 
are almost calibrated and exact. If after blow-down they produce the same 
self-expander, do they have to differ only by a rigid motion? 

Acknowledgements: The first author would like to express his gratitude 
to Yng-Ing Lee for some very stimulating discussions. 



Let J and to denote, respectively, the standard complex structure on 
C 2 and the standard symplectic form on C 2 . We consider also the closed 
complex- valued 2-form given by 




2. Definitions and basic identities 
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where Zj = Xj + iyj are complex coordinates of C 2 , and the Liouville form 

2 

X = ^x j dy j -y j dx j . 
j'=i 

We denote by H l and H 2 the one dimensional and two dimensional Hausdorff 
measures in C 2 respectively. 

A smooth 2-dimensional submanifold L in C 2 is said to be Lagrangian if 
ujl = and this implies that 

n L = e if W L , 

where vol/, denotes the volume form of L and 6 is a multivalued function 
called the Lagrangian angle. When the Lagrangian angle is a single valued 
function the Lagrangian is called zero-Maslov class and if 

cos 6 > Eq 

for some positive £o, then L is said to be almost-calibrated. Furthermore, if 
8 = 6q, then L is calibrated by 



Re 



and hence area-minimizing. In this case, L is referred as being Special La- 
grangian. The Lagrangian L is said to be exact if the Liouville form is an 
exact form on L. 

Finally, the relation between the Lagrangian angle and the mean curva- 
ture is given by 

H = JV9. 

Given a point xo in C 2 and a time T, the backwards heat kernel is defined 

as 

exD ( \—o\ 2 ) 
, . e P \ 4(T-t) ) 

x ,i\ , ) 4vr(T-t) 

When xq is the origin and T = 0, we denote it by <E>. When it is clear from the 
context at which instant t we are evaluating $ XOj r(ar, t), we denote it simply 
by &x ,T- Moreover, x and x- 1 stand for the position vector associated with 
the point x in C 2 and its projection on the normal space of T X L respectively. 

Throughout this paper, (Lt)-oo<t<oo will be a translating solution to La- 
grangian mean curvature flow in C 2 , where L satisfies hypothesis (H). We 
denote by |ef | the projection of e\ = (1,0,0,0) on the normal space of L. 
The intrinsic ball of radius r around a point x in L is defined by B r (x) and 
we fix ro < 1 to be such that B ro (x) is simply connected for every x in L. 

Proposition 2.1. The following equations hold on L. 
(i) There is a constant 9q such that 

9{x) = — (Jei,x) + #o and \H\ = |ef |; 
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(ii) 

Aa;i = \H\ 2 ; 

(iii) 

A0 + {V9, ei ) = 0. 

Proof. Because (L t )-oo<t<oo is a translating solution to mean curvature flow 
we have that 

H = e{ 

and thus 

V0 = -Jei = -(Jei) T . 
This implies the first property. The second one follows from 

Ax l = {H,e l ) = \H\ 2 
and the third property is a consequence of 

A6 = -div(Jei) T = -(H, Jei) = -(V0,ei>. 

□ 

Given a sequence (Aj)j 6 pj converging to zero, we define the sequence of 
blow-downs 

L\ := AjL s / A 2 where — oo < s < oo. 
Finally, we we use the notation 

{8 = a } ■= { x € L\6{x) = a} 

and 

{\0 - a\ < 5} := {x G L \ \9{x) - a\ < 5}. 
3. Blow-down Theorem 

Let (St)„ 00< t <00 be an eternal solution to Lagrangian mean curvature 
flow for which we can find a constant D such that, for every t, 

j H 2 {Z t n Bfl(0)) < DR 2 for all R > 0, 

\ cos(6» t ) > D' 1 . 

Given a sequence (Aj)jgN converging to zero, consider the blow-downs 

:= AjS s y A 2 for — oo < s < oo. 

Theorem 3.1. There exist a finite set 

. . . ,6n} 

and Lagrangian planes 

Pi,...,Pn 

such that, after passing to a subsequence, we have for every smooth function 
<f> compactly supported, every f in C 2 (M) ; and every s < 

r N 

(3) lim / f(9 iiS )(f>dn = y2m j f(e j )n j ((p), 
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where fij and rrij denote the Radon measure of the support of Pj and its 
multiplicity respectively. The set 

{Oi,...,e N } 

does not depend on the sequence of rescales chosen. 

If So is exact, there exists an integer rectiftable 2-varifold E^° satisfying 

# = ii 

2 

such that, after passing to a subsequence, E* converges as Radon measures 
to -v/s^i for every s > 0. 

//Sf° is stationary, then identity (3) holds for every s and hence (E t ) is 
static. 



Remark 3.2. (i) Whenever identity (3) holds we say that E* converges 
weakly to Eq°. 

(ii) In Section 1 we saw that the last property of the theorem does not 
hold when L is the grim-reaper in C 2 . Hence, we see that the almost- 
calibrated condition is necessary in order for the convergence to hold 
when s = 0. 

Proof. The first property was essentially proven in [5, Theorem A]. The ideas 
apply with no modification. 

From the compactness for integral Brakke motions [2, Section 7.1] we 
know that, after passing to a subsequence, (E*)_ 00<s<00 converges to an in- 
tegral Brakke motion (S^°)_ 00<s<00 . Moreover, Federer and Fleming com- 
pactness for integral currents implies that E converges to a current E. The 
fact that E is almost-calibrated implies that the support of E equals the 
support of Eq* 3 because, for every <p > 0, 

/ (f)dfj,<D lim / <f> cos 6 d/j, = D / <fiRe£l. 

From the monotonicity formula [1] we have that, for every xo in C 2 , every 
positive T, and every s < 

/ § xo , T (;0)dn < / $ X0)T (-,s)d/i 
/ $x ,t{; 0) dfi < m 3 / *xo,t{; s) dp. 



and thus 



r- 

Denote the density function of Eq° and by @o(x) and G(x) respectively. 
Make T go to zero so that the left-hand side converges to Qq(xo) for almost 
all xo- After that, make s converge to zero to obtain 0(xo) > 0o(xo) and 
so the support of E is contained on the support of E°° — 1. Because <9E = 0, 
the Constancy Theorem [7, Theorem 26.27] implies that the support of E 
coincides with E°° — 1. We now argue that the density functions also coincide. 



We know that 
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dt 



A cos Ot + cos 9t\H\ 



and thus, for every T > 0, xq in C 2 , and s < 0, we have from the mono- 
tonicity formula that 



/ 



cos 0; s\\H\ 



H + 



(x - x )- 



2(T-s) 

> -- I cos9 is I 5\H\ 2 + C 



$x ,T dji 



(x - x )- 



®x ,T dji 



2{T-s) 

where C = C(5). The evolution equation for 9i :S implies that for all s < 
lim f [ 2\H\H X0:T dndt< [ 9 s ls $ X0 , T dfi 

N N 

= m$ / *x ,r(-, s) dn < m i Q ) : = B 

.7=1 7 = 1 



and it is not hard to see that 



lim 

i— >oo 



/7 


(x-xq^ 


Is JT,\ 


2(T-t) 



<f> X0 ,Tdfidt = 0. 



Thus 



/ $:r 0) r(-,0)ReO = lim / cos 9ifl® Xo ,T d/j, 

>-<5B+lim / cos(9 is )$ xoT dfj, 
woo y E i 



AT 



-55 + ^2 m j cos 

3=1 



/ ^o,t(-,s) 



Making 8, T, and s converge to zero, and using the almost-calibrated con- 
dition, we obtain that for almost all xo 

&o(x ) > 0(x o ) 

and so S coincides with As a result, we have that for every T positive 

lim / $ 0tT (-,-l)d[j, = lim / $ ,t(-,0)cZ// 
and so the monotonicity formula implies that 



lim 

i— >oo 



/7 (i 

7-1 7sj 



F| 2 + |x- L | 2 )exp(-|x| 2 )ci^(is = 0. 
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We can then argue as in [5, Theorem A] and conclude that identity (3) holds 
for s = 0. 

Recall that E converges as Radon measures and as currents to a union 
of planes with possible multiplicities. Because the Grassmanian of 2-planes 
in R 4 can be parametrized by the self-dual and anti self-dual two forms of 
M 4 , we have that 

lim / \x L \ 2 dfi = 

ys*nB K (o) 

for every positive R. Moreover, the fact that Eo is exact implies the existence 
of (3 l s defined on E* for which 

dpl = X and |V/?*| = | X± I- 

Hence, because Eq is connected, we can apply Proposition B.l and conclude 
the existence of j3 such that, after passing to a subsequence, 



lim / - pfdfi = 0. 

According to [5, Section 6], we have that 

+ 2s6if = A(Pl + 2s9i) 2 - 2|x x - 2sH\ 2 

and so we can apply Huisken's monotonicity formula to conclude that, for 
every positive T, 

(4) lim / / 2^ -2sH\ 2 <i> 0T dfids < lim [ - /3) 2 $ rdfi = 0. 
We want to show that, for every compactly supported function <\> in C 2 , 

- j <p {x/ y/s) dfl 

is constant function of s for every s > 0. 
A standard computation shows that 

i (l L T **) = ~v 2 4 ^ - L T w ' x) ^ 

+ ^/ W,H)dn-- f <P\H\ 2 dv- 

Due to 

A|x| 2 = 4 + 2(x,#) 

we obtain that 

2 I 4> (x/y/s) d/j, = - I (x:,H)(f>dn- —= f (x T , D(f>)dfi. 
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Hence, 
d ( 

ds \ s J^°° 



For every < a < b and R > 0, we have that 

f [ \D<P\ 2 dfids and f [ \H\ 2 dfids 
are uniformly bounded. Therefore, (4) implies that 

- f 4> ( x / dfj, 

is indeed independent of s for all s > and this is equivalent to = v 7 -'^]' 
for all s > 0. 

We now show the last property. Because has x- 1 = 0, we obtain that 
for every < a < b and every R > 

lim / / {x^^dfids. 

Hence, identity (4) implies that 

lim I I (\H\ 2 + \x ± \ 2 )exp(-\x\ 2 )dfids = 

l ^°°Ja J& s 

and so, assuming without loss of generality that 

{\H\ 2 + \x ± \ 2 )exp(-\x\ 2 )dnds = 0, 



L 



[5, Proposition 5.1] implies that is a union of Lagrangian planes with 
multiplicities. In order to prove the result, it suffices to show that equals 

Huisken's monotonicity formula implies that for every T > and < s < 

T 

/ $x ,Td(i< / $ X0)T (-,s)d/x = / ^ X0>T (-,s)dfi. 

Thus making s converge to T and then T converge to zero, we obtain that 

@o(>o) > ©lO^o), 

where 0i denotes the density function of Hence the support of SJ° is 
contained in the support of £q° . 
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Choosing xq to be in exactly one Pj , we can apply Huisken's monotonicity 
formula to cos 9\ and conclude that for any < s < T 

/ cos(6j)$ XOt T(-,s)dfj, = lim / cos(0 i)S )$ XO) T(-, s) dfj, 
> lim / cos(6 ijS )<S> X0:T (-,0)dn = Vm i cos((9 i ) / $ Xo ,t(-, 0) d/x 

i^oo /v» — /p. 

> cos(0j )rrij . 

Making s converge to T, the almost-calibrated condition implies that 

e (x ) < ei(x ). 

□ 

4. Graphical implies flatness 

We start by defining what it means for a Lagrangian L to have a graphical 
decomposition. Recall that ro was chosen (see Section 2) so that B ro (x) is 
simply-connected for all x in L. 

Definition 4.1. A Lagrangian L is said to admit a graphical decomposition 
if, outside a compact set, L can be decomposed into N connected compo- 
nents Lj, j = 1, . . . , TV, having the following property. 

For each j = 1, . . . , N there are constants 6j, Rj, Sj, rij positive integer, 
and a Lagrangian plane Pj 

Pj := {(u, 0, vcos6j,vsm9j) \ (u,v) G M 2 } 

such that 

(i) For every x in Lj, B so (x) can be written as the graph of a function 
defined over Pj with its derivatives bounded by Sj; 

(ii) The projection of Lj on Pj 

Pioj P .:Lj^Pj\B Rj (0) 
is a rij-fold covering map; 

(iii) 

lim sup \9 — 9j\ =0. 

R-^°° Lj\B R (0) 

In particular, 

lim sup \H\ = 0. 

ft-°°L\B B (0) 

Remark 4.2. In case L is not embedded, property (ii) in Definition 4.1 should 
be interpreted as follows. If F denotes the immersion of the surface L in 
C 2 , then Projp. o F is a rij-fold covering map. 

In this section we show that any translating solution L to Lagrangian 
mean curvature flow which admits a graphical decomposition is a plane. 



Andre Neves and Gang Tian 13 

Theorem 4.3. If L is a translating solution to Lagrangian mean curva- 
ture flow with uniformly bounded second fundamental form and admitting a 
graphical decomposition, then L is a plane. 

Proof. It suffices to show that the mean curvature of L is zero because, 
in that case, we have from Proposition 2.1 that L is a Special Lagrangian 
contained in some hyperplane and therefore a plane. The idea consists in 
finding a sequence of compact sets K n exhausting L for which 



lim <p (u, e\)da = 0, 
n-oo J QKn 



where v denotes the exterior unit normal to dK n in L. The theorem follows 
because, due to Proposition 2.1 (ii), 



(p (v, e\)da = I \H\ 2 dfi. 

JdK n JK n 



The following barrier will be needed to prove the main theorem. 

Lemma 4.4. For every a < 1/3, there is a constant Rq = Ro(a) such that, 
for every constants 5 and B, the function 

V 5 ^ B := B\x\- a exp(-|x|/2) +8 exp(xi/2) 

satisfies 

\H\ 2 + 1 

AV^b < V s ,b 1 —^ for all \x\ > R . 

Proof. Denote by d r , dj , and d^r the radial vector, its tangential projection 
on L, and its projection on the normal bundle of L respectively. Set 

/(|x|):= |x|- a exp(-|x|/2). 

Away from the origin, we have 

2 \d T \ 2 
A\x\ = {d r ,H) + — - l -^i- 
\x\ \x\ 

and so, because 

f = -aj-r - {r and /" = a(a + 1)t-4t + a-pr + 7, 
\x\ 2 \x\ z \x\ 4 

we obtain that 

A/ . / (^_(^>) + ^( a|a7|2 _ 1 _ a(ar , ff> + M) 

+ 7^2 (a(a + 2)|a r T | 2 -2a) . 



14 Translating solutions to Lagrangian mean curvature flow 

Hence 

Af . f \H\ 2 + l , / A*|if| 2 i\ / 



+ 1 , / 3a -1 , / 2 

— ^ h I — r — n h rr? a • 

4 \x\ 2 x 2 



Therefore, we can choose Rq = Ro(a) so that for all \x\ > Rq we have 
Proposition 2.1 (ii) implies that 

l-ffl 2 + 1 

Aexp(xi/2) = exp(xi/2) 

and so the proposition follows. □ 

This proposition implies the following decay for \6—6j \ on each component 
Lj, j = 1, . . . , N given by the graphical decomposition. 

Lemma 4.5. For each a < 1/3, there are constants B and Rq such that, 
on each component Lj, j = 1, . . . , N , we have 

\9(x)-9 j \ + \V9\(x)<B\x\~ a exp(-\x\/2-x 1 /2) for all \x\ > R . 

Proof. For each j = 1, . . . , N, set 

Uj :=(6- 0,-)exp(xi/2). 

From Proposition 2.1 we know that 

l#| 2 + l 

Au 3 = U 3 4 

and thus, we obtain from Lemma 4.4 that 

\H\ 2 + 1 

A(Vs,b ~ Uj) < {Vs,b ~ uj) for all \x\ > R , 

where Ro is chosen large enough so that dLj C Brq (0) and the constant B 
is chosen so that, for every j = 1, . . . , N, we have 

x G Lj n <9-Bro (0) B\x\~ a exp(-\x\/2) > \uj(x)\. 

Note that, for all R sufficiently large, we have from Definition 4.1 (iii) 

sup \uj exp(— x\/2)\ <5 

LjDdBn{Q) 

and thus 

sup (V SjB ~ Uj) > for every j = 1, . . . , N. 

LjndB R (0) 

Applying the maximum principle to Lj(l(Bji(0)\Bji (0)) for all R sufficiently 
large, we have that 

Uj(x) < i?|x|~ a exp(-|x|/2) + <5exp(xi/2) for all \x\ > R . 
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As a result, after making S tend to zero, we obtain 

9{x) - Bj < B\x\~ a exp(-|x|/2 - xi/2) for all |x| > R . 

The correspondent estimate for \9(x) — 9j\ follows in the same way by con- 
sidering the function Vs,b + Uj- The estimate for |V0| for is a consequence 
of Proposition 2.1 (i) and interior Schauder estimates. □ 

The graphical decomposition implies the existence of r\ so that, for every 
p in Lj, j = 1, ... ,7V the projection of B ro (p) on Pj contains B ri (p) n Pj, 
where p stands for the projection of p on Pj. Thus, after an appropriate 
change of coordinates, a neighborhood of p can be described as 

(u,v,d u f,d v f) with (u,v) e B ri (p) 

for some function / with |Hess/| uniformly bounded, where the coordinate 
x\ equals u and the coordinate y\ equals d u f. Furthermore, a direct compu- 
tation shows that we can find a constant D depending only on the constants 
Sj (see Definition 4.1 (i)) for which one of the eigenvalues of Hess / satisfies 

|A| < r>|e^| on B ri (p). 

Thus, we obtain from Lemma 4.5 that, provided \p\ is large enough, one of 
the eigenvalues A has the decay 

(5) |A| < B\x\- a exp{-\x\/2 - u/2) 

for some constant B. 

An explicit computation shows that the function / satisfies the equation 

arctan Ai + arctan A2 = 9(x) — 9j, 

where Ai and A2 are the eigenvalues of Hess/. As a result, Lemma 4.5 and 
estimate (5) imply that, provided \p\ is large enough, 

(6) |Hess/| < B\x\- a exp(-\x\/2 -u/2), 

where a < 1/3 and B depends on a. 

On each of the connected components Lj, denote by 7 Jjf . the lift to Lj of 
the path on Pj given by 

Cj(t) := (r cos t, r sin t) < t < 2rijix, 

where the variable r will be made as large as we want. 

There is to = to(r,ri) such that, for every t\ < 2njir, we can find a 
function / for which 

Jj, r (t) = (rcost,rsmt,d u f,d v f) for all t\ — to < t < t\ -Mo, 

where, due to (6), the function / restricted to this portion of jj :T satisfies 

|Hess/|(t) < Br" a exp(-r/2-r cost/2). 

Using an obvious abuse of notation, the tangent vector 7j jf .(t) is given by 

7j>(*) = r (Pt, (Hess/)(5 t )), where d t := (-sint,cost) 
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and, denoting by v the vector in R 2 for which 

v = (u, (Hess/)(P)), 

then 

(9,dt + (Hess/)* (Hess /) (d t )} = and 1 = |P| 2 + | (Hess /)(p)| 2 , 

where (Hess /)* denotes the transpose of Hess /. Thus, provided we choose 
r sufficiently large, we can find a constant C such that 

\T> — d r \ < Cr~ 2a exp(— r — rcost) 

and 

Wj, r (,t)\ < r(l + Cr- 2o exp(-r - r cost)). 

For this reason, 

rti+to rti+to 
/ (u,e 1 )\^ r (t)\dt= rcostdt + Q, 

J t\—ts J ti—to 

where we can find a constant C such that 

rti+to 

\Q\< Cr l ~ 2a exp(-r - r cos t) dt. 

Jtl—to 

Therefore, we obtain from unique continuation that 



<k [v,e\)da 



< / CV 1 2a exp(-r - r cost) dt 
Jo 

f-2n 

= rijCr l ~ 2a I exp(— r — r cos t) dt. 
Jo 

Choose 5 so that 

| cos(y) + 1| < (y — it) 2 for all \y — ir\ < 6. 

Then, we can find a positive constant D = D(5) so that, for all r sufficiently 
large, 

r2ir rir+8 

/ exp(— r — rcost) dt < / exp(— r(t — it) 2 ) dt + 2ir exp(— Dr) 
Jo Jn-5 

/\/r& 
exp(-s 2 ) ds + 2vr exp(-Dr) 

<Dr- 1 / 2 . 

Hence, provided we choose a > 1/4 in Lemma 4.5, we have that 



lim 

r^oo 



(f, e\)da 



lim r 1/2 ~ 2a = 0. 



Property (i) and (ii) of Definition 4.1 imply that we can find a sequence of 
compact sets K n exhausting L and such that 

dK n = 7i >rn U ••• U77v irn , 
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where (r n ) n6 N is a sequence converging to infinity. This finishes the proof. 

□ 

The next lemma gives conditions under which a translating solution L 
satisfying (H) admits a graphical decomposition. 

Lemma 4.6. Assume that for almost all —C\ < a < C\ we have 

{9 = a}c B R{a) 

for some positive R(a) > 0. Then L admits a graphical decomposition. 

Proof. For every a, there is only one Lagrangian plane P a with Lagrangian 
angle a and le^l =0 which is given by 

(7) P a = {(u, 0, v cos a, v sin a) | (u, v ) G R 2 }. 

Set u> a to be the volume form of that plane extended by parallel translation 
to C 2 and denote its Hodge-dual on L by *uj a . 

We claim that for every e, there is 8i such that, for every x in L and every 
a, we have 

(8) sup \6 — a\ < 6\ =^ jaf *u a > e. 

Br (x) B rQ (x) 

A simple continuity argument shows the existence of 62 such that if Q is a 
Lagrangian plane with Lagrangian angle 0(Q), then for every a 

\ej;\ < 8 2 and \9{Q) - a\ < S 2 =^ uj a (Q) > e, 

where u> a (Q) denotes the evaluation of uj a on Q. Moreover, as we argue 
next, we can find 5± < 82 such that for all x in L 

sup \6 - 0{x)\ < 5i/2 sup \H\ < 8 2 . 

Br (x) §r (x) 

If not, we could find a sequence of translating solutions (Lj)j e ^ converg- 
ing smoothly on compact sets to another translating solution with La- 
grangian angle constant on B ro (0) and \H\ not identically zero on B ro (0). 
This proves the desired claim. 

Let (rcj)igN be a sequence in L with \xi\ going to infinity and 0(xi) con- 
verging to some a. Set e = 1/2 in identity (8) and choose 8 < 8±/2 so 
that 

{6 = a ±8} C B R{a±s) . 

Set 

R:=mayi{R(a + 8),R(a- 8)} + 2 and E := {\0 - a\ < 8}. 
We have 

3£ C B R _ 2 (0) 
and if x belongs to S \ Br(0) , identity (8) implies that 

^inf *uj a > 1/2. 

Br (x) 
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Moreover, from [5, page 476], there exists a constant D such that 
(9) inf r- 2 H 2 (B r (x)) > D' 1 

x&L, r<ro 

and so we can apply Lemma A.l in order to conclude that, outside a compact 
set K, 

T,\K = LiU ■■■ULjvi 
where, for each j = 1, . . . , Ni, 

Proj Pa : Ej r — P a \ B fl (0) 

is a rij-fold covering map and, for every x in E\£?r(0), B rQ (x) can be written 
as the graph of a function defined over P a with its derivatives uniformly 
bounded. 

Take a unbounded sequence (yi) in Lj such that converges to some 
Oj and suppose there is another unbounded sequence p, t in Lj such that 6(pi) 
converges to some (3 distinct from Oj . Using the map Proj Pa and the local 
graphical property we can find, for every a between (3 and Oj, an unbounded 
sequence Wi in Lj such that 6(wi) = a. This contradicts our hypothesis and 
proves the third property of Definition 4.1. The first and second property 
of Definition 4.1 follow because, by choosing Rj > R, we can replace a by 
9j on each Lj. 

We can repeat the whole process but this time applied to L \ E. We only 
need to this finitely many times because 

lim H 2 (LjnB R (0))R- 2 > C 

R^oo 

for some universal constant C. □ 

5. Proof of main theorem 

We now prove Theorem A. We start by showing 

Theorem 5.1. If L is a translating solution that satisfies (H), is almost- 
calibrated, and static, then L is a plane. 

Proof. In view of Lemma 4.6 and Theorem 4.3, it suffices to show 

Proposition 5.2. Let L be a translating solutions satisfying hypothesis (H), 
almost-calibrated, and static. Then for almost all —ir/2 < a < ir/2 we have 

{8 = a}c B R{a) 

for some positive R(a) > 0. 

Proof. The static condition implies the existence of a sequence of blow-downs 
L\ := XiL s / X 2 where lim Aj = 

converging weakly for every s to 

L°° = m 1 P 1 + ■■■ + m N P N , 
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where Pi, ... , P/v are Lagrangian planes with multiplicities mi, . . . , tun and 
Lagrangian angles #i, . . . , On- 
We claim that 



The reason is that the coordinate y\ equals, up to a constant, —9 (Proposi- 
tion 2.1 (i)) and so is bounded for every £ t . Thus each plane Pj must have 
e\ = because, for every R < and s < 0, 



Hence the almost-calibrated condition implies that Pj is uniquely determined 
by its Lagrangian angle. 

From Theorem 3.1 we know that the set of limiting Lagrangian angles does 
not depend on the sequence of rescalings chosen and so any other convergent 
sequence of blow-downs (L*) must converge to L°° for every s < 0. This 
observation will be used later. 

Sard's Theorem implies that, for almost all — tt/2 < a < tc/2, the set 
{9 = a} is a smooth submanifold of L (possible empty). We argue that 
only finitely many curves contained in {9 = a} have finite length. Suppose 
that (Cj)j e N is a sequence of distinct curves contained in {9 = a} having 
finite length. Hypothesis (H) implies that, for some jo, we can find integers 
b\ , . . . bj such that 



where [Cj] denotes the homology class of Cj in Hi(L,Z). Thus, there is a 
compact set K C L such that 



From Proposition 2.1 (i) we know that 9 cannot have any interior maximum 
or minimum and therefore, because 6 equals a on dK, 9 must be constant 
on K. Analytic continuation implies that 9 is constant on L and this gives 
us a contradiction. 

Due to Huisken's monotonicity formula and without loss of generality, we 
can assume that, after passing to a subsequence, 



Pj := {(u,0,v cos9j,vsin9j) \ (u,v) G R 2 }. 



lim sup{ ?/i | x G L\ n B R (0)} = 0. 



b 1 [C 1 ] + --- + b jo [C jo ]=0, 



dK = hd + ■■■ + b jo C j{ 




H\ 2 exp(— \x\ 2 )dfi + lim 




H\ 2 exp(-\x\ 2 )dfi = 0. 



20 Translating solutions to Lagrangian mean curvature flow 

Hence, from the coarea formula 

«7r/2 



! \iH l {{6 = a} nB x -i(\r 2 ei ))da 

J—7r/2 

= I 1 U l {x G L l _i n .Bi(O) I 6> l _i = a}da = [ \H\dfi 
<([ \H\ 2 df)\ (W 2 (LLinBi(0)) 

\JL'r\Bi(0) ) 



'LLinBi(o) 

and this implies that, for almost all —ir/2 < a < tt/2, 

lim \H\{0 = a}n B x -i(\r 2 ei )) = 0. 

i— *oo i 

Likewise, we also obtain 

lim \{H}{{6 = a}n B x -i (-Ar 2 ei )) = 0. 

i— >oo • 

Choose a distinct from 9\, ■ ■ ■ ,0~n, such that 

(10) lim XiH 1 ({9 = a}n B x -i {X^d)) 

+ lim XiH 1 ({9 = a}n B x -i (-\- 2 ei )) = 0, 

and such that {9 = a} is a smooth submanifold of L. 

It suffices to show that there is no connected curve C with infinite length 
contained in {9 = a}. If not, we could find an unbounded sequence (xj) in 
C 

Xi = ti e i+ U ii where |xj| = X^ 2 and (uj,ei) = 0. 
Lemma 5.3. 

liminf > 

Proof. Suppose for some subsequence 



limi — > oo\ui\ 2 t i 1 = 0. 



Then 



lim |A. 2 — \ti\ \ = lim \t{ 

i— +oo i^oo 

and 



l + |ui| 2 t- 2 -l 



< lim UA^luA 2 = 



lim X 2 \xi - Uei\ 2 = lim X 2 \U\ \ui\ 2 \ti\ 1 = lim = =|^| 2 |ti| 1 = 0. 

Thus, for every i sufficiently large, Xj belongs to either B x -i ^ 2 (A i ~ 2 ei) or 
B x -i i 2 (—X^ 2 ei) and so 

^((Jnv(±A- 2 ei))>A :1 
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This contradicts identity (10). □ 
After passing to a subsequence we can assume that 

lim |tj| \ui\~ 2 = s\ > 0. 

Moreover, we also assume without loss of generality that 

V s := |uj| -1 L s | Ut |2, where — oo < s < oo 

converges for all s, the sequence of manifolds Lj := L — x% converges to 
a smooth translating solution with #00 (0) = a, ti\ui\~ 2 converges to 
to > 0, and vi := Ui\Ui\~ l converges to a vector v perpendicular to e\. The 
comments made at the beginning of this proof imply L\ converges to L°° 
for every s < 0. 

Suppose si = 0. For every (3, r > and s < 

/ (#oc - /3) 2 $o,r(-, 0)d/i = Hm f(9- 0) 2 $ Xi ,r(; 0W 

J Loo *J L 

= lim f (0-/^$ (.,_^) 

00 JL-t 

< lim f (0- P) 2 <S> Uitr - ti (-,-U + s\ Ui \ 2 ) 

\x-Vj\ 2 



= lim / (0- f3) : 



2 6XP l 4(r|ui|-3- S ) 



47r(r|iij| 2 — s) 

/• 2 exp (^) 



3= 

If f did not belong to any Pj, we could make s go to zero to conclude that 
the leftmost hand-side of the inequalities above is zero for every /?, which is 
impossible. The fact that v is perpendicular to ei implies that it can belong 
at most to one Pj Q and thus, making r go to zero and then s go to zero, we 
see that 

(a-(3) 2 <m j0 (6 j0 -(3) 2 

for every 0. Therefore, a = 6j and so s\ must be positive. 
If si > 0, then 

V s = \ui\ 1 L S \ U . ] 2 = \ 1 \u i \ l L l g ^ 2> 2 
converges weakly to y/siL^j Si = L°° for every — oo < s < oo because 

lim \ui\~ 2 \~ 2 = lim \ t 2 \ui\- A + |uj|™ 2 = s±. 



22 Translating solutions to Lagrangian mean curvature flow 

As a result, we can argue as in the si = case and get a contradiction with 
the way a was chosen. 

□ 
□ 

The proof of Theorem A will be completed after we show 

Theorem 5.4. If L is a translating solution that satisfies hypothesis (H) 
and has 

j \H\ 2 dfi < C 2 
for some C 2 , then L is a plane. 

Proof. In light of Lemma 4.6 and Theorem 4.3, it suffices to show that for 
almost all — C\ < a < C\ we have 

{6 = a} C B R{a) 

for some positive R(a) > 0. Moreover, we can argue as in Proposition 5.2 
and see that the fact that L has finite first Betti number implies that it 
is sufficient to show that for almost all — C 2 < s < C 2 there is no curve 
contained in {6 = s} having infinite length. 

Suppose that such a smooth curve exists and denote it by C. Then, for 
all r sufficiently large, C n {|x| = r} is not empty and so 

(11) H\Cn{r <\x\<2r})>r. 

On the other hand, using the coarea formula, we have for all r 

J 1 H\{6 = s} n {r < \x\ < 2r})ds = [ \H\dfi 

J-Ci J Ln{r<\x\<2r} 

1/2 

:2>.\ /-a/J/r^r-^i-i^o-iVkVa 



<{[ \H\ 2 dfi) (H 2 (LD{r < \x\ < 2r}))' 

\J Ln{r<\x\<2r} 



< VCir ( [ 



\ 1/2 

Ln{r<\x\<2r} J 



Note that 



lim / \H\ 2 dfi = 

r ^°° J Ln{r<\x\<2r} 



and thus, for almost all — C 2 < s < C 2 , we can find a sequence going to 
infinity such that 

lim r^H 1 ^ = s}n {n < \x\ < 2r,i}) = 0. 
i— +oo 

This contradicts (11). □ 
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Appendix A 

Let r be the volume form of a plane P extended by parallel translation to 
all of C 2 . We denote by Projp the projection onto the plane P and assume 
that P contains the line spanned by e\. Given any surface E in C 2 , we 
denote by *r the Hodge-dual of r and if F denotes an immersion of E on 
C 2 , we also use Projp to represent Projp o F. 

In what follows, E will be a complete noncompact surface with smooth 
boundary such that B ro (x) is simply-connected for all x in L, 

sup iT 2 W 2 (E n B R (0)) < D and inf r- 2 H 2 {B r {x)) > D' 1 

R>0 xeY.,r<r 
for some constant D. 

Lemma A.l. Assume that we can find R > and e > such that 

9E c B R {0) 

and 

inf *t > e for all x G E \ B R {0). 

B rQ (x) 

Outside a compact set, E can be decomposed into k connected components 
T,j, j = 1, . . . , N having the following property. 

(i) For every x in E \ Br(0), B rQ (x) can be written as the graph of a 
function defined over P with its derivatives bounded by a constant 
depending only on e; 

(ii) 

Projp: Ej — ► P \ Br(0) 
is a nj-fold covering map. 

Proof. The first property is an immediate consequence of the fact that 
B ro (x) is simply-connected. Consider the map 

Projp: S\5p(0) — P. 

The local graphical property combined with the uniform lower bounds on 
area densities implies that Projp 1 (-Bp(O)) is a compact subset of E \ Br(0). 

Decompose Projp 1 (P\ -Bp(O)) into connected components (Ej)^^. The 
local graphical property implies the existence of an integer nj so that 

Projp: Ej — > P \ Br(0) 

is a n^-fold covering map with 

Pioj P (dE j )Cd(P\B R (0)). 
Moreover, there is a constant C = C(e) such that 

lim R- 2 n 2 (^jnB R (0)) > C 

R— +oo 

and so there can only exist finitely many connected components Ej. □ 
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Appendix B 

The next proposition was proven in [5, Appendix A] with slightly different 
hypothesis. For that reason we will only indicate the modifications in the 
proof. 

Proposition B.l. Let (N l ) and (a«) be a sequence of smooth Lagrangian 
surfaces in R 4 and smooth functions on N l respectively, such that (N l ) con- 
verges as Radon measure and as currents to a union of planes with positive 
integer multiplicities N. We assume that, for some R > 0, the following 
properties hold: 

a) There exists a constant Dq such that 

H 2 (N l nB m ))<D R 2 



b) 



and 

for all i € N. 



cos0* > D^ 1 



lim / \Vcei\ 2 dn = 0. 

Jnh 



J NiDB 3R (0) 

c) There exists a constant D\ for which 

SUp |Vctj|+i? _1 SUp |a!j| < D\ 

iV»nB 3 H(o) Af l ne 3 (o) 

for all i £ N. 

d) For all i £ N, 

N l PI B2r(0) is connected 

and 

d(N* n B m {0)) c dB 3R (0). 

Then, there is a real number a such that, after passing to a subsequence, we 
have for all <p with compact support in Br(0) and all f in C(R) 

lim / f{oti)<j)dn = f{a)fi N {4>), 

where fijy denotes the Radon measure associated to N. 

Proof. It suffices to find a 6 R and a sequence (ej) converging to zero such 
that, for some appropriate subsequence, we have for all j € N 

lim H 2 {{\ai -a\< e 3 } n B R (0)) = H 2 {N n B R (0)). 

For the rest of this proof, K = K(Dq, D±, k) will denote a generic constant 
depending only on the mentioned quantities. Choose any sequence (xj) in 
N l n B R (0). After passing to a subsequence, we have that 

lim Xi = xo and lim aj(xj) = a 
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for some xq 6 -Br(O) and a£l. Furthermore, consider also a sequence (Ej) 
converging to zero such that, for all j G N, 

lim H 1 ({on = a±ej}n B 3R ) = 0. 

i— >oo 

Such a subsequence exists because, by the coarea formula, we have 
lim f H l {{ai = s} n B 3R )ds = lim / iVa^ 

i-^oj-oc ' i— »oo J Nir\B 3R 

< lim Kr( [ \Vai\ 2 d^ ' = 0. 

Define 

Standard compactness theorems imply that, after passing to a subse- 
quence, we have convergence to a boundaryless integral current N a, i and 
to a Radon measure N a,:i , both having their support contained in N. The 
almost-calibrated condition implies that the support of N a ' J coincides with 
the support of N a,:i (the argument is the same as the one used in the be- 
ginning of the proof of Theorem 3.1). The Constancy Theorem [7, Theorem 
26.27] implies that the support of N a 'i is a union of planes with multiplici- 
ties. 

We note that N l being almost calibrated (see [5, Lemma 7.1]) implies the 
existence of some constant D such that 

{H 2 {A)) 1/2 < DH\dA), 

where A is any open subset of N with rectifiable boundary. The rest of the 
proof follows exactly like it was done in [5, Proposition A. 1]. □ 
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